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Failure in anisotropic/isotropic bi-materials starts at the interface, and the interfacial failure is of interest to some engi-
neering ﬁelds. However, since the procedure for evaluating stress intensities at the interface corner is very complicated and
time-consuming, few researchers have used it to calculate singular stress ﬁelds and stress intensities, though doing so would
allow prediction of the failure strength of a structure. In this paper, a simple procedure for obtaining stress intensities is
introduced in the estimation of the failure strength of anisotropic/isotropic bi-materials. The expanded Stroh formalism is
used to obtain asymptotic stress and displacement ﬁelds near the anisotropic/isotropic bi-material interface corner. The
procedure makes it possible to calculate singular stress ﬁelds more easily than before. To evaluate stress intensities at
the interface corner, a path-independent conservative line integral derived from Betti’s reciprocal principle is used. To pres-
ent a detailed description of the procedure, we describe the procedure of calculating singular stress ﬁelds and stress inten-
sities of co-cured double lap joints with a wedge that consists of carbon ﬁber reinforced plastic composite and steel
adherends.
We found two singular terms in describing stress and displacement ﬁelds near the wedge tip, and each of them referred
to a diﬀerent deformation mode: mode I and II. Therefore, we needed both mode I and II stress intensities to predict the
joint failure. Failure surfaces and interfaces of double lap joints were investigated, and a fracture criterion on the KnI  KnII
plane is presented.
 2007 Elsevier Ltd. All rights reserved.
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In some engineering ﬁelds, such as electronics and aerospace structures, it is important to consider bonded
structures. Within the framework of mechanical design, failure starts at the interface corner between adher-0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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with stress intensities at the interface corner are regarded as providing a reliable tool for predicting the failure
of bonded structures. Therefore, some researchers have tried to calculate stress intensities at the interface cor-
ner of bonded structures (Reedy and Guess, 1993, 1997; Akisanya and Fleck, 1997; Labossiere and Dunn,
1999).
In recent years, advanced anisotropic materials, such as ﬁber reinforced composite materials and silicon are
used to improve structural eﬃciency of aerospace, vehicle, and electronic structures. However, since conven-
tional metal alloys are still used in most industrial structures, it is inevitable to consider bonded structures of
anisotropic/isotropic bi-materials. Generally, the structural eﬃciency of bonded structures depends on not
structure itself but on joint strength. Therefore, it is important to analyze mechanical behavior at the interface
corner of anisotropic/isotropic bi-materials with cracks or wedges.
Many engineers have studied the joint strength of anisotropic/isotropic bi-materials based on stress
analysis (Adams, 1987; Tong, 1998). However, this approach has non-negligible limits; diﬃculty in repre-
senting the stress states at the interface corner tip, indispensable introduction of non-linear elasticity or
plasticity for an accurate analysis, and a large amount of time for ﬁnite element analysis due to the
use of ﬁne meshes. These drawbacks have led many engineers to introduce a fracture mechanics approach
using stress intensities as design parameters instead of stress components near the interface corner tip. The
method using stress intensities is very useful in the analysis of bonded structures, because it does not con-
sider a speciﬁc stress component near the interface corner tip as a parameter of a failure criterion. Instead
it uses the amplitude of the singular stress ﬁeld, the stress intensity. In addition, it is not necessary to
consider the non-linear characteristics of the materials if the contour integral is performed at a distance
somewhat removed from the interface corner tip. Moreover, it provides good results even if coarse meshes
are used for ﬁnite element analysis. In this paper, we propose a method for obtaining stress intensities at
the interface corner between anisotropic and isotropic adherends with a wedge to predict the failure
strength of a bonded joint. In the following section of this chapter, we summarize relevant studies to this
subject.
Muskhelishvili (1953) introduced a complex representation to make the general solution of the equa-
tions of the plane theory of elasticity simple, and Lekhnitskii (1963), Eshelby et al. (1953), and Stroh
(1958) formulated the anisotropic elasticity problem. The Stroh formalism is very powerful for obtaining
a solution of an anisotropic elasticity problem. Since the method was suggested by Stroh, it has been
developed by many investigators. Basically, Stroh formalism provides a solution of an anisotropic elastic
material, which means that it also provides that of an isotropic elastic material. However, the isotropic
elasticity problem, which has three identical eigenvalues, is a special anisotropic elasticity problem. Ting
(1996) gave a general solution of the isotropic elasticity problem using the anisotropic elasticity theory,
but this solution yields very complicated results. Suo (1989, 1990) presented general solutions for both
the isotropic bi-material problem and the anisotropic bi-material problem. Choi et al. (2003) applied
the Stroh formalism to solve the anisotropic/isotropic elasticity problem with a crack. However, these
researchers did not consider an anisotropic/isotropic bi-material problem with a wedge, which could be
more complicated than the crack problem.
The procedure for obtaining stress intensities starts with evaluating the eigenvalues and the associated
eigenvectors. Williams (1952, 1957) applied the eigenvector approach to a plate with notches, and he extended
his work to a zero opening angle V-notch problem. England (1971) and Karp and Karal (1962) also put the
eigenvector approach into practice for obtaining the eigenvalues of general opening notches. Dempsy and Sin-
clair (1979, 1981) and Dempsy (1981) gave equations that result in eigenvalues in a wide range of boundary
and interface conditions. Ting and Chou (1981) and Ting (1982, 1986, 1996) solved some eigenvalue problems
related to anisotropic materials. Stress singularity at bi-material wedges was also studied by many researchers.
Bogy (1971) investigated the order of the singularity in the stress ﬁeld at the bi-material isotropic wedge apex
with various wedge angles and materials combinations. Chue and Liu (2002) did a similar job for the case of
bi-material anisotropic wedges.
After obtaining the singular stress ﬁelds of anisotropic/isotropic bi-materials, the stress intensities at an
interface corner tip with singular points, like crack or wedge tips, should be calculated to estimate possible
failure at the points. The Reciprocal Work Contour Integral Method (RWCIM) is one of the most powerful
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This method does not need any special elements and relatively coarse element grids are suﬃcient to obtain
good results. In addition, complex external boundaries and loading conditions can be easily handled. Hong
and Stern (1978), Stern et al. (1976), Stern and Soni (1976), and Stern (1979) extended the RWCIM to yield
stress intensities at the interface corner of isotropic bi-materials with zero opening cracks. Carpenter (1984),
Carpenter and Byers (1987), Sinclair and Mullan (1982), Sinclair et al. (1984), and Sinclair (1985) applied this
method to general opening crack problems. Labossiere and Dunn (1999) and Labossiere et al. (2002) applied
the RWCIM to obtain stress intensities of cubic/isotropic bi-materials with notches.
In this investigation, the expanded Stroh formalism is introduced to obtain singular stress ﬁelds at the inter-
face corner of anisotropic/isotropic bi-materials. The formalism is used to obtain eigenvalues and associated
eigenvectors of anisotropic/isotropic bi-materials. Using the stress and displacement ﬁelds determined from
the eigenvalues and eigenvectors, complimentary stress and displacement ﬁelds are also determined. Finally,
stress intensities at the interface corner of anisotropic/isotropic bi-materials are explicitly presented using the
RWCIM. To fully elucidate the proposed method, it is applied to a failure analysis of a co-cured double lap
joint. In conclusion, a mixed-mode failure criterion is given, which allows estimation of a failure of an aniso-
tropic/isotropic bi-material with a wedge.
2. Linear elasticity for two-dimensional deformation
For investigation of the behavior at the interface corner of bonded joints, consider the bi-material interface
corner shown in Fig. 1. The upper and lower interface corner ﬂanks are h = a and h = b, where the angle h is
measured from the interface. The solid is composed of two materials, denoted by A and B, which are perfectly
bonded along h = 0. A- and B-materials are anisotropic and isotropic materials, respectively. The interface
corner ﬂanks are traction-free, and the solid is loaded at remote boundaries by tractions or displacements.
Anisotropic elasticity, which enables us to describe the characteristics of the A-material in Fig. 1, is based
on the Stroh formalism. Referring to a ﬁxed rectangular coordinate system xi (i = 1,2,3), where rij, ui, and eij
are the stress, displacement, and strain, respectively, the general solution of the anisotropic adherend can be
written as (Eshelby et al., 1953; Stroh, 1958)oui
oxi
 
¼ 2Re½Af 0ðzÞ
fr2ig ¼ 2Re½Bf 0ðzÞ
fr1ig ¼ 2Re½Df 0ðZÞ:
ð1ÞIn Eq. (1), z = x1 + px2. Basically, Stroh formalism deduces the solution by letting {ui} = 2Re[Af(z)], where
f(z) = [f1(z1), f2(z2), f3(z3)]
T. For the asymptotic analysis of the stress state near the bi-material interface corner,
we assumed a solution form as f ðzÞ ¼ 1k zkq to describe singular stress ﬁelds. q is a vector of constants to beα
β
θ
r
Material A
Material B
Interface
x1
x2
Fig. 1. General geometry of a bi-material interface corner.
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roots for the eigenvalue p and the corresponding eigenvector, a. Each column of A and each of pi’s are the
eigenvector and the eigenvalue with positive imaginary part, respectively. Therefore A is a 3·3 complex
matrix.Ci1k1 þ p Ci1k2 þ Ci2k1ð Þ þ p2Ci2k2
 
ak ¼ 0: ð2Þ
Matrices B and D can be calculated from Bij ¼
P3
k¼1ðCi2k1 þ pjCi2k2ÞAkj and Dij = Bijpj (not sum over j),
respectively. For a more detailed procedure to obtain the solution, see Ting (1996).
In the case of isotropic elasticity, general solutions are given using the Muskhelishvili complex potentials
(Muskhelishvili, 1953; Cho et al., 1994), as follows:r11 þ r22 ¼ 2½UðzÞ þ UðzÞ
r22 þ ir12 ¼ UðzÞ þ XðzÞ þ ðz zÞU0ðzÞ
r32 þ r31 ¼ xðzÞ
 2iG o
ox1
ðu2 þ iu1Þ ¼ jUðzÞ  XðzÞ  ðz zÞU0ðzÞ
ou3
ou1
¼ 1
2Gi
½xðzÞ  xðzÞ;
ð3Þwhere j = 3  4m for plane strain and j = (3  m)/(1 + m) for plane stress, m and G are Poisson’s ratio and shear
modulus, respectively. U(z), X(z), and x(z) are analytic functions of z = x1 + ix2.
As we can see, the two formulations of elasticity problems are quite diﬀerent which makes aniso-
tropic/isotropic bi-material problems hard to be analyzed. Ting (1996) solved many elastic problems
related to anisotropic bi-materials. And he mentioned that though isotropic materials are a special group
of anisotropic materials, mathematically isotropic elasticity solution can not be deduced to isotropic
elasticity solution easily. Recently, Choi et al. (2003) proposed the uniﬁed approach to anisotropic
and isotropic elasticity for two-dimensional deformations under certain conditions. They had recon-
structed the isotropic elasticity formulation, Eq. (3) into the frame work of the anisotropic
elasticity, i.e., the Stroh formalism when the interface between dissimilar media lies along a straight line,
usually set as x1-axis. Here we utilize the expanded Stroh formalism to solve an anisotropic/isotropic bi-
material wedge problem. Below are the rewritten formulations of isotropic elasticity (Choi et al.,
2003).oui
ox1
 
¼ 2Re½Ag0ðzÞ
fr2ig ¼ 2Re½Bg0ðzÞ
fr1ig ¼ 2Re½Dg0ðzÞ;
ð4Þwhereg0ðzÞ ¼ UðzÞ;XðzÞ þ ðz zÞU0ðzÞ;xðzÞ½ T ¼ f0 ðzÞ þ ðz zÞQ  f00 ðzÞ
f
0 ðzÞ ¼ UðzÞ;XðzÞ;xðzÞ½ T
A ¼ 1
4Gi
ji i 0
j 1 0
0 0 2
2
64
3
75; B ¼ 1
2
i i 0
1 1 0
0 0 1
2
64
3
75; D ¼ 1
2
3 1 0
i i 0
0 0 i
2
64
3
75; Q ¼
0 0 0
1 0 0
0 0 0
2
64
3
75:
ð5ÞThe solution for the displacement was put to be {ui} = 2Re[A*g(z)], where gðzÞ ¼ fðzÞ þ ðz zÞQ  f0 ðzÞ to
make the isotropic elasticity solution form similar to the anisotropic form. Arranging the general solution
of the isotropic elasticity gives a new but identical solution with the original one. According to the equivalence
theorem (Choi et al., 2003), the matrices A*, B*, D*, and f*(z) for an isotropic material correspond, respec-
tively, to A, B, D, and f(z) for an anisotropic material.
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Adhesively bonded lap joints are widely used as mechanical components in aerospace, vehicle, and elec-
tronic structures. A co-cured lap joint is one of the adhesively bonded lap joints in the concept of joining
two dissimilar adherends using resin extracted from the uncured composite adherend. To help the reader com-
prehend the eigenvector approach to calculate eigenvalues and associated eigenvectors, we consider a wedge
problem involved in anisotropic/isotropic co-cured double lap joint structure, as shown in Fig. 2. The wedge is
composed of an anisotropic material with a = 180 and an isotropic material with b = 90.
For a bi-material problem, boundary conditions are obtained by requiring displacement and traction con-
tinuity along the interface, i.e.,uAð0Þ ¼ uBð0Þ
tAð0Þ ¼ tBð0Þ: ð6ÞApplying Eq. (6), we obtain two tensor equations for calculating the stress singularity:1
k
rkAAqA þ 1k r
kAAqA ¼ 1
k
rkABqB þ 1k r
kABqB
rk1BAqA þ rk1BAqA ¼ rk1BBqB þ rk1BBqB:
ð7ÞImposing the traction-free requirement on the corner faces yields six homogenous boundary conditions astAðpÞ ¼ 0
tB  p
2
 
¼ 0: ð8ÞApplying Eq. (8), we can obtain two tensor equations for calculating the stress singularity:rk1eipðk1ÞBAqA þ rk1eipðk1ÞBAqA ¼ 0
rk1e
p
2iðk1ÞDBVBqB þ rk1epi2 ðk1ÞDBVBqB ¼ 0;
ð9Þwhere VB = I  2(k  1)Q*. Applying these boundary conditions yields a set of simultaneous algebraic equa-
tions given byKðkÞqðkÞ ¼ 0: ð10Þ
The vector q now contains the six components of the q vectors of materials A and B, i.e., q ¼ ½ qA qB T.
Therefore, K(k) takes the formA
B
x1Interface
x2
180α =
90β = o
θ
r
Steel
(Isotropic)
Composite
(Orthotropic)
o
Fig. 2. Interface corner conﬁguration of the anisotropic/isotropic double lap joint.
Fig. 3. Numerical solution of det[K(k)] = 0 in the range of 0.5 < Re[k] < 1.
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1
kA
A  1k eipðkþ
kÞAABA
1
BA  1kAB  1k e
p
2iðkþkÞABUB
BA  eipðkþkÞBA BB  ep2iðkþkÞBBUB
2
4
3
5; ð11Þwhere UB ¼ VB1DB1DBVB. Here, i ¼ ﬃﬃﬃﬃﬃﬃ1p and ()1 stands for the inverse of the matrix. For a non-trivial
solution we must havedet½KðkÞ ¼ 0: ð12Þ
From Eq. (12), we can obtain the stress singularity order and the associated eigenvector q. We found two roots
of k satisfying Eq. (12) within the range of 0 < Re[k] < 1. Fig. 3 shows the function of f(k) = det[K(k)], which
intersects the abscissa twice in the range of 0.5 < Re[k] < 1. The reason why we conﬁne the range of k to
0 < Re[k] < 1 is to ﬁnd singular stress terms without physical incompatibility. All components of the matrix
K in Eq. (11) are composed of only elastic constants of the two adherends. The elastic properties of the
two adherends, which consist of the co-cured double lap joint, are listed in Tables 1 and 2. The found eigen-
values were k1 = 0.513 and k2 = 0.621. Two eigenvalues mean that we need two singular terms in describing
the stress and displacement ﬁelds near the wedge tip, as follows:rMij ¼ KnI rkI1f IMij ðhÞ þ KnIIrkII1f IIMij ðhÞ
uMi ¼ KnI rkIgIMi ðhÞ þ KnIIrkIIgIIMi ðhÞ;
ð13Þwhere the superscript M becomes material-A for the upper adherend (hP 0) and material-B for the lower
adherend (h 6 0). The two-term expansion of the stress state is analogous to the classical mode I and II ﬁelds
in the homogeneous crack or notch problem. However, in this interface corner problem, due to the material
mismatch, modes I and II are neither symmetric nor antisymmetric with respect to the interface bisector. The
subscripts and superscripts of I and II denote the ﬁrst and second terms describing the singular stress ﬁelds,
and they represent deformation modes but not the meaning of the opening and sliding modes, respectively, as
in a homogeneous solid.
4. Asymptotic singular ﬁelds
Once the eigenvalue, k, and the corresponding eigenvector, q, are acquired, we can determine stress and
displacement ﬁelds near the interface corner tip by applying the Stroh formalism and the expanded Stroh for-
malism to the two adherends, respectively. The angular variation functions of stress and displacement ﬁelds at
the singularity dominated zone, fij(h) and gi(h) in Eq. (13) can be expressed as:
Table 1
Material properties of the carbon ﬁber-epoxy composite material
Elastic properties
E1 (GPa) 131.6
E2 = E3 (GPa) 8.2
G12 (GPa) 4.5
m12 0.28
Coeﬃcient of thermal expansion
a1 (10
6/C) 0.9
a2 = a3 (10
6/C) 27
Thickness of a ply
t (mm) 0.14
Table 2
Mechanical properties of the steel (SM45C)
Elastic properties
E (GPa) 200
m12 0.3
Coeﬃcient of thermal expansion
a (106/C) 12
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I þDAdiag½fAa ðhÞkI1qAI
f IA2i ðhÞ ¼ BAdiag½fAa ðhÞkI1qA
I þ BAdiag½fAa ðhÞkI1qAI
gIAi ðhÞ ¼
1
kI
AAdiag½fAa ðhÞkI qA
I þ 1
kI
AAdiag fAa ðhÞkII
h i
qA
I
f IIAi ðhÞ ¼ DAdiag½fAa ðhÞkII1qA
II þDAdiag½fAa ðhÞkII1qAII
f IIA2i ðhÞ ¼ BAdiag½fAa ðhÞkII1qA
II þ BAdiag½fAa ðhÞkII1qAII
gIIAi ðhÞ ¼
1
kII
AAdiag½fAa ðhÞkII qA
II þ 1
kII
AAdiag fAa ðhÞkII
h i
qA
II ð14Þ
f IB1i ðhÞ ¼ eihðkI1ÞDB½I ðkI  1Þð1 e2ihÞQqB
I þ eihðkI1ÞDB½I ðkI  1Þð1 e2ihÞQqBI
f IB2i ðhÞ ¼ eihðkI1ÞBB½I ðkI  1Þð1 e2ihÞQqB
I þ eihðkI1ÞBB½I ðkI  1Þð1 e2ihÞQqBI
gIBi ðhÞ ¼ eihkIAB
1
k1
I ð1 e2ihÞQ
	 

qB
I þ eihkIAB 1
kI
I ð1 e2ihÞQ
	 

qBI
f IIB1i ðhÞ ¼ eihðkII1ÞDB½I ðkII  1Þð1 e2ihÞQqB
II þ eihðkII1ÞDB½I ðkII  1Þð1 e2ihÞQqBII
f IIB2i ðhÞ ¼ eihðkII1ÞBB½I ðkII  1Þð1 e2ihÞQqB
II þ eihðkII1ÞBB½I ðkII  1Þð1 e2ihÞQqBII
gIIBi ðhÞ ¼ eihkIIAB
1
kII
I ð1 e2ihÞQ
	 

qB
II þ eihkIIAB 1
kII
I ð1 e2ihÞQ
	 

qB
II
:Since the eigenvectors for each mode are determined only up to an arbitrary constant, we normalize the mode
I ﬁelds as f I22ð0Þ ¼ 1 so that r22ðh ¼ 0Þ ¼ KnI rkI1 and the mode II ﬁelds as f II12ð0Þ ¼ 1 so that
r12ðh ¼ 0Þ ¼ KnIIrkII1. The same normalization is also applied to complementary stress ﬁelds which will be ex-
plained later. With this normalization, stress intensities can be scaled in a uniﬁed way.
Angular variation functions of stress and displacement, i.e., fij(h) and gi(h) in the region dominated by stress
singularity are shown in Figs. 4 and 6, respectively. Mode I and II stress variations show a similar trace of
curves, while Mode I and II displacement variations show signiﬁcant discrepancy. Figs. 5 and 7 show angular
variations of stress and displacement ﬁelds, respectively, at the distance of 180 lm radius, obtained from ﬁnite
Fig. 4. Normalized angular variations of stress ﬁelds obtained from asymptotic analysis: (a) for mode I, (b) for mode II.
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Fig. 5. Angular variations of stress ﬁelds obtained from FEM.
Fig. 6. Normalized angular variations of displacement ﬁelds obtained from asymptotic analysis: (a) for mode I, (b) for mode II.
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chapter 6. We can see that angular variations of stress ﬁelds obtained from the ﬁnite element analysis are in
good agreement with asymptotic solutions. In addition, displacement ﬁelds from the ﬁnite element analysis are
7756 K.C. Shin et al. / International Journal of Solids and Structures 44 (2007) 7748–7766similar to the mode II asymptotic displacement ﬁelds. This means that the interface corner of the double lap
joint specimen under tensile loading is liable to the mode II state more severely than the mode I state. As men-
tioned earlier, the Mode I and II ﬁelds do not show a symmetric or antisymmetric manner. Moreover, they are
not opening or sliding modes as in a homogeneous crack or notch problem. The two modes, however, can be
analogies of opening and sliding modes, because, for the bi-material mode I condition (the ﬁrst singular term),
interfacial normal stresses develop signiﬁcantly, i.e., f I22 ð0Þ > 0, while for the bi-material mode II condition
(the second singular term), interfacial normal stresses become negligible and have a negative sign, i.e.,
f II22ð0Þ < 0.
The only quantities in Eq. (13) that are not obtained from the asymptotic analysis are the mode I and II
stress intensities, KnI and K
n
II, which depend on a speciﬁc far-ﬁeld geometry and loading conditions. These
stress intensities will be determined in chapter 7, using a path-independent H-contour integral.5. Experimental results
Fig. 8 shows a composite/steel double lap joint specimen used in this study. The materials comprising the
specimen are steel and carbon ﬁber reinforced epoxy composite material. The carbon ﬁber-epoxy composite
prepreg (USN150) is manufactured by SK Chemicals (Korea), and its mechanical properties are listed in Table
1. The stacking sequence of all specimens is [0]16. Co-cured double lap joint specimens were fabricated under
the manufacturer’s recommended cure cycle for the composite material and were tested under the tensile load-
ing condition. Fig. 9 illustrates the fabrication process of the co-cured joint. The shape and dimensions of the
specimen are shown in Fig. 10 and are based on ASTM D3528-96 (2002).
Fig. 11 shows the tensile test apparatus and a fractured double lap joint specimen. The load-displacement
response curve obtained from the tensile test is linear until an abrupt rupture, as shown in Fig. 12. This means
that the co-cure bonded double lap joint shows brittle fracture behavior. Rupture occurs without any notice-
able change in the rate of elongation. Additionally there is no diﬀerence between the ultimate strength and the-0.0025
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Fig. 7. Angular variations of displacement ﬁelds obtained from FEM.
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Fig. 8. Photograph of the co-cured double lap joint specimen.
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Fig. 10. Dimensions of the double lap joint specimen.
Fig. 11. Tensile test of the double lap joint: (a) apparatus and (b) fractured specimen.
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Fig. 9. Cure cycle of the composite material.
K.C. Shin et al. / International Journal of Solids and Structures 44 (2007) 7748–7766 7757fracture stress. This brittle failure behavior validates the stress intensity based linear elastic fracture mechanics
characterization. Fig. 13 shows a fractured surface and its magniﬁed view from the optical microscope. From
the investigation of the fractured surface, we conclude that the failure mode of the co-cured lap joints is a par-
tial cohesive failure within the epoxy resin layer and at the interface. As shown in Fig. 13, we can see epoxy
resin all over the fractured steel surface with locally remaining carbon ﬁbers. This means that interfacial
02
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Fig. 12. Brittle behavior of the co-cured double lap joint.
Fig. 13. Fractured surface of a steel adherend.
7758 K.C. Shin et al. / International Journal of Solids and Structures 44 (2007) 7748–7766adhesion strength determines the load bearing capacity of the co-cured double lap joint. By inspecting the
fractured surface, it is also found that a crack initiates at the inner composite/steel interface corner and prop-
agates within the resin layer or along the interface. After crack initiation, it takes little time for its propagation
until ﬁnal rupture. Due to this unstable crack propagation behavior after its initiation, we can correlate
both crack initiation and ﬁnal fracture with critical stress intensities. Fig. 14 shows a magniﬁed view of the
steel/composite interface. It can be seen that there is no defect or crack along the interface shown at a
micrometer scale. This means that the stress intensity of wedge-shaped bi-material interface corner without
a crack is a valid approach. Load bearing capacities of double lap joints with varying bond lengths are listed
in Table 3.
Fig. 14. Composite/steel interface observation using an optical microscope.
Table 3
Critical stress intensities in mixed mode
Bond length (mm) Load bearing capacity (kN) KNIC (MPa mm
0.487) KNIIC (MPa mm
0.379)
10 9 5.0 79.2
20 14 7.2 104.3
30 17.8 8.2 118.2
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To obtain stress and displacement ﬁelds for the double lap joint specimen, a two-dimensional ﬁnite element
analysis considering both thermal residual stresses and mechanical loading was performed using the commer-
cial software package ABAQUS (ABAQUS, 2004). Fig. 15 shows the ﬁnite element model and interfacial
stress distributions (r22,s12) of the co-cured double lap joint. Only one quarter of the double lap joint specimen
is modeled due to symmetry of the joint conﬁguration. The interface between composite and steel adherends is
idealized as perfect bonding. Technically, the two adherends share the same nodal points along the interface.
The ﬁnite element model consists of 15,984 eight-node plane strain elements. The mesh around the interface
corner tip is reﬁned to consider singularity, as shown in Fig. 16. Quarter point singular elements are
constructed around the corner tip to improve analysis eﬃciency. Thermal and mechanical loads are applied
sequentially. Due to the misﬁt of thermal expansion coeﬃcients of the two adherends, residual stresses, which
are shown in Fig. 17, develop along the interface after the co-curing process. In addition, the stresses from the
sequentially applied mechanical loads are superposed to the residual stresses, which are shown in Fig. 18.
Sharp risings of stresses are shown at both corner tips of the interface. It is found that though mode II is more
severe than mode I, mode I singularity surely exists in the co-cured double lap joint under tensile loading,
because the normal stress component, r22, as well as shear stress components, s12, diverges to inﬁnity at
the interface corner. Interestingly, the interfacial normal stress ﬁeld, r22, developed near the interface corner
shows negative singularity, i.e., diverges to negative inﬁnity. These compressive normal stresses developed near
the wedge tip can increase the interfacial strength by constraining crack initiation and propagation.
To identify the availability of stress intensities as a design parameter, double lap joints are analyzed with
varying bond lengths. Critical stress intensities are obtained from stress intensities at the failure load for each
10-, 20-, and 30-mm bond length specimen. To consider the mode mixity, critical stress intensities are plotted
on the KnI  KnII plane describing fracture initiation criterion in the next chapter.7. Calculation of stress intensities with H-integral and the failure criterion
The path-independentH-integral is based on the application of Betti’s reciprocal work theorem to the inter-
face corner geometry. Betti’s reciprocal work theorem is based on two sets of elastic ﬁelds: the actual and the
complementary. In the absence of body forces, the H-integral takes the form (see Fig. 19):
Fig. 16. The ﬁnite element mesh and obtained stress distribution at the interface corner tip: (a) reﬁned mesh and (b) singular stress ﬁeld.
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Fig. 15. Stress distributions along the interface obtained from ﬁnite element method.
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Z
C
ðrijui  rijuiÞnjds: ð15ÞHere rij and ui are the actual stresses and displacements. These can be obtained practically from the ﬁnite ele-
ment method or the boundary element analysis. rij and u

i are the complementary ﬁelds, and nj are compo-
nents of outward unit vector, normal to the counter-clockwise contour C. Complementary ﬁelds can be any
ﬁelds that satisfy the same equilibrium and constitutive relations as the actual ﬁelds The value of H taken
along any closed contour not containing a singularity is zero. Under the boundary conditions of traction-free
interface corner ﬂanks and choosing a complementary ﬁeld that satisﬁes the same boundary conditions as the
actual ﬁeld, H-integral along the corner ﬂanks becomes zero. Therefore the path independency of H-integral
along arbitrary contours from lower to upper ﬂanks is maintained. Since the H-value is a constant that is
determined by the singular stress ﬁeld we can scale the value of H-integral as the stress intensities by choosing
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Fig. 17. Thermal residual stress distributions along the interface.
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Fig. 18. Mechanical load superposed stress distributions along the interface.
K.C. Shin et al. / International Journal of Solids and Structures 44 (2007) 7748–7766 7761a special complementary ﬁeld. To determine KnI , we evaluate H using the mode I complementary ﬁeld, and to
determine KnI , we evaluate H using the mode II complementary ﬁeld. It is well known that if the eigenvalue
solution of given elasticity problem is k, then k can also be a solution satisfying the same equilibrium and
boundary conditions although it is not physically admissible. By taking the complementary ﬁeld as the eigen-
vector state corresponding to k ¼ kI, i.e., the mode I complementary ﬁeld, we can scale theH value as KnI . In
the same way, using the mode II complementary ﬁeld obtained by k* = kII, we can determine KnII. The ver-
iﬁcation detail of how these choice of complementary ﬁelds can make H-integral values as stress intensities is
shown in Hong and Stern (1978) for crack problems and Carpenter (1984) and Carpenter and Byers (1987) for
wedge problems.
The complementary solution is obtained in the same way as the asymptotic solution. That is, we choose the
complementary solution to be given by Eqs. (13) and (14) with eigenvalue k* = k. For calculating KnI , we
choose complementary ﬁelds, as follows:
1x
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Fig. 19. A contour path for H-integration.
7762 K.C. Shin et al. / International Journal of Solids and Structures 44 (2007) 7748–7766rIM

ij ¼ Kn

I r
kI1f IM

ij ðhÞ
uIM

i ¼ Kn

I r
kIgIM

i ðhÞ:
ð16ÞIn the case of KnII, we choose complementary ﬁelds, as follows:rIIM

ij ¼ Kn

II r
kII1f IIM
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uIIM

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II r
kIIgIIM
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ð17ÞFor both modes, f ijðhÞ and gi ðhÞ are determined in the same way fij(h) and gi(h) were determined. The only
unknowns in Eqs. (16) and (17) are then the mode I and mode II complementary scaling factors, Kn

I and
Kn

II . For mode I loading of the interface corner, we obtain the scaling factor K
n
I by setting H ¼ H I ¼ KnI
and evaluating the integral in Eq. (15) along an arc contour with a distance r from the tip of the interface cor-
ner that extends from the lower face to the upper face as shown in Fig. 19, using the asymptotic solution for rij
and ui of Eq. (14). Explicitly, this is written in polar coordinates as (Sinclair, 1985; Labossiere and Dunn, 1999)H ¼ H I ¼
Z a
b
ðrrruIr þ rrhuI

h  rI

rrur  rI

rhuhÞrdh ¼
Z a
b
X2
i;j¼1
nirijuI

j  nirI

ij uj
 !
rdh ¼ KnI ; ð18Þwhere n1 = cosh and n2 = sinh. We can obtain the mode I scaling factor K
n
I as follows:Kn

I ¼ 1
Z a
b
X2
i;j¼1
nif Iijg
I
j  nif I

ij g
I
j
 !
dh
(, )
: ð19ÞThe same procedure is used to obtain the mode II scaling factor Kn

II by setting H ¼ H II ¼ KnII and evaluating
the integral in Eq. (18). The mode II scaling factor Kn

II is obtained as follows:Kn

II ¼ 1
Z a
b
X2
i;j¼1
nif IIij g
II
j  nif II

ij g
II
j
 !
dh
(, )
: ð20ÞWith this choice of complementary ﬁelds, the H-integral can be calculated for an arbitrary bi-material inter-
face corner by computing real stress and displacement ﬁelds using the ﬁnite element method. Both thermal and
mechanical loadings can be considered easily in the ﬁnite element analysis (see Figs. 17 and 18). Some circular
contours are taken along the nodal points to retrieve stress and displacement data from the ﬁnite element anal-
ysis result, as shown in Fig. 20. Finally, we obtain the stress intensities as follows:
Fig. 20. Contour integration paths passing through nodal points.
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ð21Þwhere rI

ij , u
I
i , r
II
ij , and u
II
i are calculated from Eqs. (16) and (17). rij and ui are obtained from the ﬁnite ele-
ment analysis. The numerical computation of H-integral was carried out using stress and displacement com-
ponents at nodal points along the contour and analytical complementary ﬁelds corresponding to these points.
Fig. 21 shows H-integration results with respect to diﬀerent radii of contours. As the contour radii become
larger, the H value converges. For the double lap joint specimen with a 20 mm bond length, the critical stress
intensities are calculated as 7.2 MPa mm0.487 for KnIc and 104.3 MPa mm0.379 for KnIIc. Critical stress intensi-
ties with respect to diﬀerent bond lengths of double lap joints are summed up in Table 3. As mentioned earlier,
compressive interfacial stress near the interface corner shows singular behavior, and the critical mode I stress
intensity, KnIc is determined as a negative value. Former works (Glushkov et al., 2000; Banks-Sills and Ishbir,
2004) also showed negative mode I stress intensities for wedge-shaped bi-material joints under thermal load-
ing. Negative singular behavior caused by compressive interfacial stress distribution near the wedge tip in-
creases the interfacial strength of bonded joints, because compressive stresses prohibit crack initiation and
propagation.
The calculated stress intensities complete the asymptotic ﬁelds of Eq. (13), and the asymptotic analysis
result is compared with the ﬁnite element analysis result, as shown in Fig. 22. In Fig. 22, stresses along the
interface are plotted as a function of r, the distance from the wedge tip. The good agreement between the
asymptotic solution result (represented by the line) and the FEM result (represented by the dots) veriﬁes that
the asymptotic solutions are correct. The small discrepancy between them comes from the fact that we used
only singular terms in describing the stress states.
Table 3 and its plot on the KnI  KnII plane in Fig. 23 show that as the mode I stress intensity becomes larger
in the negative, it needs a higher mode II stress intensity to bring about the fracture of the joint. This means
that a diﬀerent bond length changes the critical stress intensity pair, (KnIc, K
n
IIcÞ, in a mixed mode condition at
the interface corner. In other words, single pair of critical stress intensities is not suﬃcient to predict the failure
of the joint. We plotted three critical stress intensity points on the plane and linearly interpolated and extrap-
olated the points to make a fracture onset criterion of co-cured double lap joints. The fracture criterion based
on the stress intensity is determined as
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Fig. 22. Comparison of the asymptotic stress ﬁelds with FEM results.
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P 1; ð22Þwhere KnIc ¼ 1:6 MPa mm0:487 and KnIIc ¼ 19:4 MPa mm0:379 are the critical stress intensities of pure modes I
and II, respectively. They are intercepts of the extrapolated line with abscissa and ordinate in Fig. 23. Once
fP 1, a crack initiates at the interface corner and grows rapidly to rupture in the case of co-cured double
lap joints with the anisotropic/isotropic bi-material. This failure criterion can be used regardless of remote
boundary and loading conditions of the joint.8. Conclusion
In this paper, a fracture mechanics approach was presented to characterize fracture onset at the aniso-
tropic/isotropic interface corner based on stress intensities, KnI and K
n
II. Using the expanded Stroh formal-
ism, we formulated an anisotropic/isotropic interface corner problem with a wedge and obtained an
asymptotic solution that describes the stress distribution near the interface corner. Speciﬁcally, the conser-
vative H-contour integral method was applied to obtain stress intensities at the interface corner of the
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Fig. 23. Stress intensity based mixed mode failure criterion.
K.C. Shin et al. / International Journal of Solids and Structures 44 (2007) 7748–7766 7765double lap joint under tensile loading condition. Two singular terms were found from the eigenfunction
expansion series to approximate the stress and displacement ﬁelds at the interface corner. Stress singularity
orders, i.e., k1 = 0.513 and k2 = 0.621 were weaker than those of crack problems, i.e., k = 0.5. Although
double lap joints are mostly under the second deformation mode, i.e., the second singular term mode,
stress intensities of the two terms, KnI and K
n
II played important roles in the failure of double lap joints.
A failure criterion of the composite/steel co-cured double lap joint was acquired by experimentally deter-
mining the critical stress intensities. The mixed-mode failure criterion on the KnI  KnII plane can allow us
to predict the failure of lap joints regardless of overall shape and loading conditions of bonded joints as
long as the same asymptotic boundary conditions, i.e. half plane (anisotropic)/quarter plane (isotropic) bi-
material interface corner are present. In conclusion, the proposed method for obtaining stress intensities at
the interface corner of an anisotropic/isotropic bi-material can be used to estimate the load bearing capac-
ity of bonded joints in a uniﬁed way and regardless of the adherend materials and geometry whereas stress
based analysis methods can not.References
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